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An	
  Introduc/on	
  to	
  Linear	
  Models	
  	
  

Models	
  

•  Concept	
  of	
  a	
  Model	
  Equa/on	
  
•  Other	
  aspects	
  of	
  the	
  model	
  
– Expected	
  values,	
  loca/on	
  parameters	
  or	
  first	
  
moments	
  

– Second	
  moments	
  or	
  variance-­‐covariance	
  
– Distribu/onal	
  assump/ons	
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Simple	
  Models	
  

•  Performance	
  =	
  Breeding	
  +	
  Feeding	
  
	
  
•  Phenotype	
  =	
  Genotype	
  +	
  Environment	
  

•  Animal	
  Model	
  –	
  model	
  equa/on	
  

y herd year season BV e= - - + +

y Xb Zu e= + +

The	
  “usual”	
  Animal	
  Model	
  

[ ] [ ]

[ ]

y Xb Zu e

E u and E e

therefore E y Xb

0 0

= + +

= =

=

[ ] [ ] [ , ']

[ ] '

covvar u G A var e R I u e

var y V ZGZ R

0g e
2 2v v= = = = =

= = +

[ , ]y MVN Xb V+

1.	
  Model	
  Equa/on	
  

2.	
  Loca/on	
  Parameters	
  

3.	
  Dispersion	
  Parameters	
  

4.	
  Distribu/onal	
  Assump/ons	
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Fixed	
  Effects	
  –	
  Linear	
  Regression	
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  Linear	
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Mul/ple	
  Linear	
  Regression	
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y Xb e= +

Es/ma/on	
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Linear	
  Regression	
  

•  Linear	
  Regression	
  
	
  y	
  =	
  Xb	
  +	
  e	
  

•  Residual	
  
	
  e	
  =	
  y	
  –	
  Xb,	
  with	
  E[e]=0,	
  and	
  var[e]=Iσe2	
  

•  Residual	
  Sum	
  of	
  Squares	
  
	
  e’e	
  =	
  (y	
  –	
  Xb)’(y	
  –	
  Xb)	
  
	
   	
  	
  =	
  y’y	
  –	
  y’Xb	
  –	
  b’X’y	
  +	
  b’X’Xb	
  

Least	
  Squares	
  

•  Residual	
  Sum	
  of	
  Squares	
  
	
  e’e	
  =	
  y’y	
  –	
  y’Xb	
  –	
  b’X’y	
  +	
  b’X’Xb	
  

•  Take	
  deriva/ves	
  with	
  respect	
  to	
  vector	
  b	
  
	
  de’e/db	
  =	
  –	
  X’y	
  –	
  X’y	
  +	
  	
  (X’X	
  +	
  (X’X)’)b	
  
	
  set=0	
  	
  and	
  solve	
  to	
  find	
  minima/maxima	
  gives	
  
	
   	
   	
  X’Xb	
  =	
  X’y	
  
	
  known	
  as	
  the	
  Least	
  Squares	
  Equa/ons	
  
	
  or	
  the	
  Normal	
  Equa/ons	
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Es/ma/on	
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Linear	
  func/ons	
  of	
  b	
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X	
  not	
  full	
  rank	
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Generalized	
  Least	
  Squares	
  

[ ] 'var y V ZGZ R= = +

y Xb Zu e

Xb f

= + +

= +

Q V

' 'b is solution to X V Xb X V y1 1=- -z

Weighted	
  Least	
  Squares	
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Hypothesis	
  Tes/ng	
  

•  To	
  test	
  hypotheses	
  we	
  need	
  to	
  know	
  the	
  
distribu/on	
  of	
  the	
  test	
  sta/s/c	
  
– Which	
  is	
  derived	
  from	
  the	
  distribu/on	
  of	
  the	
  
residuals	
  
•  Commonly	
  assumed	
  to	
  be	
  normally	
  (iid)	
  distributed	
  

Linear	
  Regression	
  

1.  Least	
  Squares	
  simple	
  linear	
  regression	
  
	
   	
   	
   	
   	
   	
   	
   	
  (unknown	
  β0	
  and	
  β1)	
  

2.	
  Gibbs	
  Sampler	
  with	
  known	
  σe2	
  	
  
3.	
  Bayesian	
  Gibbs	
  sampler	
  with	
  unknown	
  σe2	
  
4.	
  As	
  above	
  but	
  with	
  random	
  not	
  fixed	
  β1	
  	
  
5.	
  Bayesian	
  (mul/ple)	
  linear	
  regression	
  	
  
	
   	
   	
   	
   	
   	
   	
   	
  (many	
  random	
  β’s)	
  

6.	
  Various	
  models	
  (BLUP,	
  BayesA,	
  B,	
  C,	
  Cπ	
  etc)	
  


