An Introduction to Linear Models

Models

Concept of a Model Equation

Other aspects of the model

— Expected values, location parameters or first
moments

— Second moments or variance-covariance
— Distributional assumptions
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Simple Models

* Performance = Breeding + Feeding
* Phenotype = Genotype + Environment

e Animal Model — model equation

y = herd — year — season + BV +e
y=Xb+Zu+te

The “usual” Animal Model

Yy = Xb + Z’U, +e ]» 1. Model Equation
Elu]=0 and Ele] =0
therefore Ely] = Xb } F
var[u]l = G = Ao} varlel = R =1I0? covlu,e'] = O}
varlyl| = V=2ZGZ' +R 3. Dispersion Parameters

y ~ MVN [Xb’ V] } 4. Distributional Assumptions
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Fixed Effects — Linear Regression

y=Xb+te
Elu]l=0
varle] = R = Io?

Perhaps assume e ~ N|0,I0?]

€; %N[0,0'f]

Simple Linear Regression

y=Xb+te
b_lafl_ intercept]
LRI | slope
1 :f1_
X = 1
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Multiple Linear Regression
y=Xb+te

a intercept
- ,6:’1 _ SlO:pC1
B slope

1 zu 2o -~ Tk

1 2o 290 --- X ok
X=. 7 . .

1 Tni Tn2 - Tk

Estimation

If
y=Xb+te

then
Ky=KXb+K'e

for example, choosing K' = X'
X'y=X'Xb+ X'e

and if X'y=X'Xbthen X'e =0

so b s solution to X'Xb = X'y

5/10/15



Linear Regression

* Linear Regression
y=Xb+e
* Residual
e =y — Xb, with E[e]=0, and var[e]=lo 2
e Residual Sum of Squares
e’e = (y — Xb)'(y — Xb)
=y'y—y'Xb-b'X'y + b’X'Xb

Least Squares

e Residual Sum of Squares
e'e=yy—-y'Xb-b'X'y+b’X'Xb

* Take derivatives with respect to vector b
de’e/db=—Xy—=Xy+ (XX + (X'X)')b
set=0 and solve to find minima/maxima gives

X'Xb = X'y

known as the Least Squares Equations
or the Normal Equations
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Estimation

b is solution to X'Xb = X 'y
which for full rank X is b=[XX]"'X 'y
E[b] = E[XX]"X"y]
= [xX]'XEly
=[XX]'X'Xb=b
var [5] =var[[ X'X ]| X'y]
[ XX ' X'var[y] X[ XX ]

[(XX]'XIe?X[ XX]"
=[XX]'XX[XX] " c?
=[XX]"o?

Linear functions of b

R

k'b 1s estimated from k'b
with var [k‘?ﬂ =k'[X'X]| ko’
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X not full rank

-~

k'b 1s estimated from k'b
with var[k'd] = K[ X'X | ko’
provided k' = k' X'X | X'X

rows of k'can be stacked in a matrix K
vector Kb is estimated from Kb

with var — cov[Kb] = K[ X'X | K'c*
provided K = K[ X'X | X'X

Residual Standard Error

07 = MSummon = SSpmmon | df
= (y—Xb)'"(y—Xb )/ (N —rank (X))
SS smron = SSrora — SSwon
=y'y—b'X'y
}22::figMOMEMHMN/fiSTaDEMHMN
SSvovs i = SShons, — SSm
SS = Ny
é;STOEUJMEAN:::E;STOEM;__EigmMAN
=y'y— Ny’
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Generalized Least Squares

y=Xb+(Zu+e)
=Xb+e

var|ly| =V =2G2'+R

b is solution to X'V'Xb=X "Vy

Weighted Least Squares

y=Xb+e
varle] = R =D = diag (o)
b is solutionto X'D'Xb=X 'Dy
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Hypothesis Testing

* To test hypotheses we need to know the
distribution of the test statistic
— Which is derived from the distribution of the

residuals
* Commonly assumed to be normally (iid) distributed

Linear Regression

1. Least Squares simple linear regression
(unknown B, and B,)

2. Gibbs Sampler with known ¢,2

3. Bayesian Gibbs sampler with unknown o2

4. As above but with random not fixed B,

5. Bayesian (multiple) linear regression
(many random B’s)

6. Various models (BLUP, BayesA, B, C, Crt etc)




